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THE BOUNDARIES OF GOLDEN-MEAN SIEGEL DISKS IN
THE COMPLEX QUADRATIC HE´NON FAMILY ARE NOT
SMOOTH
MICHAEL YAMPOLSKY AND JONGUK YANG
Abstract. As was recently shown by the first author and others in [GaRYa],
golden-mean Siegel disks of sufficiently dissipative complex quadratic He´non
maps are bounded by topological circles. In this paper we investigate the geo-
metric properties of such curves, and demonstrate that they cannot be C1-
smooth.
1. Introduction
Up to a biholomorphic conjugacy, a complex quadratic He´non map can be
written as
Hc,a(x, y) = (x
2 + c+ ay, ax) for a 6= 0;
this form is unique modulo the change of coordinates (x, y) 7→ (x,−y), which
conjugates Hc,a with Hc,−a. In this paper we will always assume that the He´non
map is dissipative, |a| < 1. Note that for a = 0, the map Hc,a degenerates to
(x, y) 7→ (fc(x), 0),
where fc(x) = x
2 + c is a one-dimensional quadratic polynomial. Thus for a
fixed small value of a0, the one parameter family Hc,a0 can be seen as a small
perturbation of the quadratic family.
As usual, we let K± be the sets of points that do not escape to infinity under
forward, respectively backward iterations of the He´non map. Their topological
boundaries are J± = ∂K±. Let K = K+ ∩ K− and J = J− ∩ J+. The sets
J±, K± are unbounded, connected sets in C2 (see [BS1]). The sets J and K
are compact (see [HOV1]). In analogy to one-dimensional dynamics, the set J is
called the Julia set of the He´non map.
Note that a He´non map Hc,a is determined by the multipliers µ and ν at a fixed
point uniquely up to changing the sign of a. In particular,
µν = −a2,
the parameter c is a function of a2 and µ:
c = (1− a2)
(
µ
2
− a
2
2µ
)
−
(
µ
2
− a
2
2µ
)2
.
Hence, we sometimes write Hµ,ν instead of Hc,a, when convenient.
1
ar
X
iv
:1
60
9.
02
60
0v
2 
 [m
ath
.D
S]
  3
0 A
ug
 20
17
2 MICHAEL YAMPOLSKY AND JONGUK YANG
When ν = 0, the He´non map degenerates to
Hµ,0(x, y) = (Pµ(x), 0), where Pµ(x) = x
2 + µ/2− µ2/4. (1)
We say that a dissipative He´non map Hc,a has a semi-Siegel fixed point (or
simply that Hc,a is semi-Siegel) if the eigenvalues of the linear part of Hc,a at that
fixed point are µ = e2piiθ, with θ ∈ (0, 1) \ Q and ν, with |ν| < 1, and Hc,a is
locally biholomorphically conjugate to the linear map
L(x, y) = (µx, νy).
The classic theorem of Siegel states, in particular, that Hµ,ν is semi-Siegel when-
ever θ is Diophantine, that is qn+1 < cq
d
n, where pn/qn are the continued fraction
convergents of θ. The existence of a linearization is a local result, however, in this
case there exists a linearizing biholomorphism φ : D × C → C2 sending (0, 0) to
the semi-Siegel fixed point,
Hµ,ν ◦ φ = φ ◦ L,
such that the image φ(D × C) is maximal (see [MNTU]). We call φ(D × C) the
Siegel cylinder; it is a connected component of the interior of K+ and its boundary
coincides with J+ (see [BS2]). We let
∆ = φ(D× {0}),
and by analogy with the one-dimensional case call it the Siegel disk of the He´non
map. Clearly, the Siegel cylinder is equal to the stable manifold W s(∆), and
∆ ⊂ K (which is always bounded). Moreover, ∂∆ ⊂ J , the Julia set of the He´non
map.
Remark 1.1. Let q be the semi-Siegel fixed point of the He´non map. Then ∆ ⊂
W c(q), the center manifold of q (see e.g. [S] for a definition of W c). The center
manifold is not unique in general, but all center manifolds W c(q) coincide on the
Siegel disk. This phenomenon is nicely illustrated in [O], Figure 5.
In a recent paper [GaRYa] it was shown that:
Theorem 1.2 ([GaRYa]). There exists δ > 0 such that the following holds. Let
θ∗ = (
√
5 − 1)/2 be the inverse golden mean, µ∗ = e2piiθ∗, and let |ν| < δ. Then
the boundary of the Siegel disk of Hµ∗,ν is a homeomorphic image of the circle.
Furthermore, the linearizing map
φ : D× {0} → ∆ (2)
extends continuously and injectively to the boundary. However, the restriction
φ : S1 × {0} → ∂∆
is not C1-smooth.
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This is the first result of its kind on the structure of the boundaries of Siegel
disks of complex He´non maps. It is based on a renormalization theory for two-
dimensional dissipative He´non-like maps, developed in [GaYa2]. Below, we will
briefly review the relevant renormalization results.
Theorem 1.2 raises a natural question whether the boundary ∂∆ can ever lie
on a smooth curve. Calssical results (see [War]) imply that the smoothness of
∂∆ must be less than C1+ – otherwise, φ would have a C1+ extension to the
boundary, contradicting Theorem 1.2. However, we can ask, whether ∂∆ can be
a C1-smooth curve. In the present note we answer this in the negative:
Main Theorem. Let δ > 0 be as in Theorem 1.2 and |ν| < δ. Then the boundary
of the Siegel disk of Hµ∗,ν is not C
1-smooth.
2. Review of renormalization theory for Siegel disks
In this section we give a brief summary of the relevant statements on renormal-
ization of Siegel disks; we refer the reader to [GaYa2] for the details.
2.1. One-dimensional renormalization: almost-commuting pairs. For a
domain Z ⊂ C, we denote H(Z) the Banach space of bounded analytic functions
f : Z → C equipped with the norm
‖f‖ = sup
x∈Z
|f(x)|. (3)
Denote H(Z,W ) the Banach space of bounded pairs of analytic functions ζ =
(f, g) from domains Z ⊂ C and W ⊂ C respectively to C equipped with the norm
‖ζ‖ = 1
2
(‖f‖+ ‖g‖) . (4)
Henceforth, we assume that the domains Z and W contain 0.
For a pair ζ = (f, g), define the rescaling map as
Λ(ζ) := (s−1ζ ◦ f ◦ sζ , s−1ζ ◦ g ◦ sζ), (5)
where
sζ(x) := λζx and λζ := g(0).
Definition 2.1. We say that ζ = (η, ξ) ∈ H(Z,W ) is a critical pair if η and ξ
have a simple unique critical point at 0. The space of critical pairs is denoted by
C(Z,W ).
Definition 2.2. We say that ζ = (η, ξ) ∈ C(Z,W ) is a commuting pair if
η ◦ ξ = ξ ◦ η.
Definition 2.3. We say that ζ = (η, ξ) ∈ C(Z,W ) is an almost commuting pair
(cf. [Bur, Stir]) if
di(η ◦ ξ − ξ ◦ η)
dxi
(0) = 0 for i = 0, 2,
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and
ξ(0) = 1.
The space of almost commuting pairs is denoted by B(Z,W ).
Proposition 2.4 (cf. [GaYa2]). The spaces C(Z,W ) and B(Z,W ) have the struc-
ture of an immersed Banach submanifold of H(Z,W ) of codimension 2 and 5
respectively.
Denote
c(x) := x¯.
Definition 2.5. Let ζ = (η, ξ) ∈ B(Z,W ). The pre-renormalization of ζ is
defined as:
pR((η, ξ)) := (η ◦ ξ, η).
The renormalization of ζ is defined as:
R((η, ξ)) := Λ(c ◦ η ◦ ξ ◦ c, c ◦ η ◦ c).
It is easy to see that
Proposition 2.6. The renormalization of an (almost) commuting pair is an (al-
most) commuting pair (on different domains).
It is convenient to introduce the following multi-index notation. Let I be the
space of all finite multi-indexes
ω = (a0, . . . , an) ∈ ({0} ∪ N)n for some n ∈ N,
with the partial ordering relation defined as follows:
(a0, a1, . . . , ak, b) ≺ (a0, a1, . . . , an, an+1)
if either k < n and b ≤ ak+1, or k = n and b < an+1. For a pair ζ = (η, ξ) and a
multi-index ω = (a0, . . . , an) ∈ I, denote
ζω = φan ◦ . . . ◦ ξa1 ◦ ηa0
where φ is either η or ξ, depending on whether n is even or odd. Define a sequence
{α0, α1, . . .} ⊂ I such that
pRn(ζ) = (ζαn , ζαn−1). (6)
The following is shown in [GaYa2]:
Theorem 2.7. There exist topological disks Zˆ c Z and Wˆ c W , and an almost
commuting pair ζ∗ = (η∗, ξ∗) ∈ B(Z,W ) such that the following holds:
(1) There exists a neighbourhood N (ζ∗) of ζ∗ in the submanifold B(Z,W ) such
that
R : N (ζ∗)→ B(Zˆ, Wˆ )
is an anti-analytic operator.
(2) The pair ζ∗ is the unique fixed point of R in N (ζ∗).
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(3) The differential DR2|ζ∗ is a compact linear operator. It has a single, simple
eigenvalue with modulus greater than 1. The rest of its spectrum lies inside
the open unit disk D (and hence is compactly contained in D by the spectral
theory of compact operators).
2.2. Renormalization of two-dimensional maps. For a domain Ω ⊂ C2,
we denote O(Ω) the Banach space of bounded analytic functions F : Ω → C2
equipped with the norm
‖F‖ = sup
(x,y)∈Ω
|F (x, y)|. (7)
Define
‖F‖y := sup
(x,y)∈Ω
|∂yF (x, y)|. (8)
Moreover, for
F =
[
f1
f2
]
,
define
‖F‖diag := sup
(x,y)∈Ω
|f1(x, y)− f2(x, y)|. (9)
Denote O(Ω,Γ) the Banach space of bounded pairs of analytic functions Σ =
(F,G) from domains Ω ⊂ C2 and Γ ⊂ C2 respectively to C2 equipped with the
norm
‖Σ‖ = 1
2
(‖F‖+ ‖G‖) . (10)
Define
‖Σ‖y := 1
2
(‖F‖y + ‖G‖y) . (11)
Moreover,
‖Σ‖diag := 1
2
(‖F‖diag + ‖G‖diag) . (12)
Henceforth, we assume that
Ω = Z × Z and Γ = W ×W,
where Z and W are subdomains of C containing 0. For a function
F (x, y) :=
[
f1(x, y)
f2(x, y)
]
from Ω or Γ to C2, we denote
p1F (x) := f1(x, 0) and p2F (x) := f2(x, 0).
For a pair Σ = (F,G), define the rescaling map as
Λ(Σ) := (s−1Σ ◦ F ◦ sΣ, s−1Σ ◦G ◦ sΣ), (13)
where
sΣ(x, y) := (λΣx, λΣy) and λΣ := p1G(0).
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Definition 2.8. For 0 < κ ≤ ∞, we say that Σ ∈ O(Ω,Γ) is a κ-critical
pair if p1A and p1B have a simple unique critical point which is contained in
a κ-neighbourhood of 0. The space of κ-critical pairs in O(Ω,Γ) is denoted by
C2(Ω,Γ, κ).
Definition 2.9. We say that Σ = (A,B) ∈ C2(Ω,Γ, κ) is a commuting pair if
A ◦B = B ◦ A.
Definition 2.10. We say that Σ = (A,B) ∈ C2(Ω,Γ, κ) is an almost commuting
pair if
dip1[A,B]
dxi
(0) :=
dip1(A ◦B −B ◦ A)
dxi
(0) = 0 for i = 0, 2,
and
p1B(0) = 1.
The space of almost commuting pairs in C2(Ω,Γ, κ) is denoted by B2(Ω,Γ, κ).
Proposition 2.11 (cf.[GaYa2]). The space B2(Ω,Γ, κ) has the structure of an
immersed Banach submanifold of O(Ω,Γ) of codimension 3.
For 0 < , δ ≤ ∞, let O(Ω,Γ, , δ) be the open subset of O(Ω,Γ) consisting of
pairs Σ = (A,B) such that the following holds:
(1) ‖Σ‖y < , and
(2) ‖Σ‖diag < δ.
We denote
C2(Ω,Γ, , δ, κ) := O(Ω,Γ, , δ) ∩ C2(Ω,Γ, κ), (14)
and
B2(Ω,Γ, , δ, κ) := O(Ω,Γ, , δ) ∩ B2(Ω,Γ, κ). (15)
Proposition 2.12 (cf. [GaYa2]). If , δ, and κ are sufficiently small, then there
exists an analytic map Πac : C2(Ω,Γ, , δ, κ)→ B2(Ω,Γ, , δ, κ) such that
Πac|B2(Ω,Γ,,δ,κ) ≡ Id. (16)
Lemma 2.13. Consider the sequence of multi-indexes {α0, α1, . . .} ⊂ I defined
by (6). Let ζ0 = (η0, ξ0) ∈ B(Z,W ) be a four times 1D renormalizable pair. There
exists a neighbourhood N (ζ0) ⊂ H(Z,W ) of ζ0 such that for any pair ζ = (η, ξ)
in N (ζ0), the pair
R4(ζ) = Λ(pR4(ζ)) := (s−1pR4(ζ) ◦ ζα4 ◦ spR4(ζ), s−1pR4(ζ) ◦ ζα3 ◦ spR4(ζ)),
is a well defined element of H(Z,W ).
It is instructive to note that
pR4(ζ) = (ζα4 , ζα3) = (η ◦ ξ ◦ η2 ◦ ξ ◦ η ◦ ξ ◦ η, η ◦ ξ ◦ η2 ◦ ξ)
Let D(Ω,Γ, 0) be the subset of O(Ω,Γ) consisting of pairs Σ = (A,B) such that
the following holds:
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(1) The functions A : Ω→ C2 and B : Γ→ C2 are of the form
A(x, y) =
[
η(x)
h(x)
]
and B(x, y) =
[
ξ(x)
g(x)
]
.
(2) The pair ζ := (η, ξ) is contained in B(Z,W ) and is four-times 1D renor-
malizable.
(3) The function g is conformal on η2 ◦ ξ ◦ η ◦ ξ ◦ η(U) and η2 ◦ ξ(U), where
U := λpR4(ζ)Z ∪W.
Let D(Ω,Γ, ) ⊂ O(Ω,Γ, ,∞) be a neighbourhood of D(Ω,Γ, 0) consisting of
pairs Σ = (A,B) such that Λ(Σ˜), where
Σ˜ := (Σα4 ,Σα3), (17)
is a well-defined element of O(Ω,Γ), and for V := λΣ˜Ω ∪ Γ:
(1) p1A is conformal on (p1A)
−1(V ),
(2) p1A ◦B is conformal on (p1A ◦B)−1(V ), and
(3) p2B is conformal on p1A
2 ◦B ◦ A ◦B ◦ A(V ) and p1A2 ◦B(V ).
We define an isometric embedding ι of the space H(Z) to O(Ω) as follows:
ι(f)(x, y) = ι(f)(x) :=
[
f(x)
f(x)
]
. (18)
We extend this definition to an isometric embedding of H(Z,W ) into O(Ω,Γ) as
follows:
ι((η, ξ)) := (ι(η), ι(ξ)). (19)
Note that
ι(B(Z,W )) = B2(Ω,Γ, 0, 0, 0).
Consider the fixed point ζ∗ = (η∗, ξ∗) ∈ B(Z,W ) of the 1D renormalization
operator R given in Theorem 1.2. Fix  > 0, and let N̂ (ι(ζ∗)) ⊂ D(Ω,Γ, ) be a
neighbourhood of ι(ζ∗) whose closure is contained in D(Ω,Γ, ).
Let
Σ = (A,B) =
([
a
h
]
,
[
b
g
])
be a pair contained in N̂ (ι(ζ∗)). Denote
ηi(x) := piA(x) and ξi(x) := piB(x) , for i ∈ {1, 2},
and let
ζ := (η1, ξ1).
Denote
ay(x) := a(x, y),
and consider the following non-linear changes of coordinates:
H(x, y) :=
[
ay(x)
y
]
and V (x, y) :=
[
x
η1 ◦ ξ1 ◦ ξ−12 (y)
]
. (20)
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Observe that
A ◦H−1(x, y) =
[
ay ◦ a−1y (x)
g(a−1y (x), y)
]
=
[
x
g(a−1y (x), y)
]
.
Furthermore,
V ◦H ◦B =
[
ag ◦ b
η1 ◦ ξ1 ◦ ξ−12 ◦ g
]
.
Thus, we have
‖A ◦H−1‖y < O() and ‖V ◦H ◦B − ι(η1 ◦ ξ1)‖ < O()
where defined.
Let
A1 := V ◦H ◦ A−1 ◦ Σα4 ◦ A ◦H−1 ◦ V −1,
and
B1 := V ◦H ◦ A−1 ◦ Σα3 ◦ A ◦H−1 ◦ V −1.
Define the pre-renormalization of Σ as
pR(Σ) = Σ1 := (A1, B1). (21)
By the definition ofD(Ω,Γ, ), the pair pR is a well-defined element ofO(λΣ1Ω, λΣ1Γ).
From the above inequalities, it follows that
‖pR(Σ)− ι(pR4(ζ))‖ < O() and ‖pR(Σ)‖y < O(2). (22)
By the argument principle, if  is sufficiently small, then the function p1B1 ◦A1
has a simple unique critical point ca near 0. Set
Ta(x, y) := (x+ ca, y), (23)
Likewise, the function p1T
−1
a ◦ A1 ◦ B1 ◦ Ta has a simple unique critical point cb
near 0. Set
Tb(x, y) := (x+ cb, y). (24)
Note that if Σ is a commuting pair (i.e. A ◦B = B ◦ A), then Tb ≡ Id.
Define the critical projection of pR(Σ) as
Πcrit ◦ pR(Σ) = (A2, B2) := (T−1b ◦ T−1a ◦ A1 ◦ Ta, T−1a ◦B1 ◦ Ta ◦ Tb). (25)
Note that
0 = p1(B2 ◦ A2)′(0) = (p1A2)′(0) +O(2),
and likewise
0 = p1(A2 ◦B2)′(0) = (p1B2)′(0) +O(2).
Hence,
(p1A2)
′(0) = O(2) and (p1B2)′(0) = O(2). (26)
It follows that there exists a uniform constant C > 0 such that the rescaled pair
Λ ◦ Πcrit ◦ pR(Σ) is contained in C2(Ω,Γ, C2, C, C2) (recall that this means
Λ ◦Πcrit ◦ pR(Σ) is a C2-critical pair with C2 dependence on y that is C away
from the diagonal; see (14)).
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Finally, define the 2D renormalization of Σ as
R(Σ) := Πac ◦ Λ ◦ Πcrit ◦ pR(Σ), (27)
where the projection map Πac is given in proposition 2.12.
Proposition 2.14. If Σ = (A,B) ∈ D(Ω,Γ, ) is a commuting pair (i.e. A ◦B =
B ◦ A), then R(Σ) is a conjugate of (Σα4 ,Σα3).
Theorem 2.15. Let ζ∗ be the fixed point of the 1D renormalization given in
Theorem 1.2. For any sufficiently small  > 0, let N̂ (ι(ζ∗)) ⊂ D(Ω,Γ, ) be a
neighbourhood of ι(ζ∗) whose closure is contained in D(Ω,Γ, ) . Then there exists
a uniform constant C > 0 depending on N̂ (ι(ζ∗)) such that the 2D renormalization
operator
R : D(Ω,Γ, )→ O(Ω,Γ),
is a well-defined compact analytic operator satisfying the following properties:
(1) R|N̂ (ι(ζ∗)) : N̂ (ι(ζ∗))→ B2(Ω,Γ, C2, C, C2).
(2) If Σ = (A,B) ∈ N̂ (ι(ζ∗)) and ζ := (p1A, p1B), then
‖R(Σ)− ι(R4(ζ))‖ < C.
Consequently, if N (ζ∗) ⊂ B(Z,W ) is a neighbourhood of ζ∗ such that
ι(N (ζ∗)) ⊂ N̂ (ι(ζ∗)), then
R ◦ ι|N (ζ∗) ≡ ι ◦ R4|N (ζ∗).
(3) The pair ι(ζ∗) is the unique fixed point of R in N̂ (ι(ζ∗)).
(4) The differential Dι(ζ∗)R is a compact linear operator whose spectrum coin-
cides with that of Dζ∗R4. More precisely, in the spectral decomposition of
Dι(ζ∗)R, the complement to the tangent space Tι(ζ∗)(ι(N (ζ∗))) corresponds
to the zero eigenvalue.
We denote the stable manifold of the fixed point ι(ζ∗) for the 2D renormalization
operator R by W s(ι(ζ∗)) ⊂ D(Ω,Γ, ).
Let Hµ∗,ν be the He´non map with a semi-Siegel fixed point q of multipliers
µ∗ = e2piiθ∗ and ν, where θ∗ = (
√
5 − 1)/2 is the inverse golden mean rotation
number, and |ν| < . We identify Hµ∗,ν as a pair in D(Ω,Γ, ) as follows:
ΣHµ∗,ν := Λ(H
2
µ∗,ν , Hµ∗,ν). (28)
The following is shown in [GaRYa]:
Theorem 2.16. The pair ΣHµ∗,ν is contained in the stable manifold W
s(ι(ζ∗)) ⊂
D(Ω,Γ, ) of the fixed point ι(ζ∗) for the 2D renormalization operator R.
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3. Proof of Main Theorem
3.1. Preliminaries. Let
ζ∗ = (η∗, ξ∗)
be the fixed point of the 1D renormalization operator R given in theorem 1.2. By
theorem 2.15, the fixed point of the 2D renormalization operator
R : N̂ (ι(ζ∗))→ B2(Ω,Γ, C2, C).
is the diagonal embedding ι(ζ∗) of ζ∗. Thus, we have
ι(ζ∗) = R(ι(ζ∗)) = (s−1∗ ◦ ι(ζ)α4 ◦ s∗, s−1∗ ◦ ι(ζ)α3 ◦ s∗),
where
s∗(x, y) := (λ∗x, λ∗y) , |λ∗| < 1.
Let Σ = (A,B) be a pair contained in the stable manifold W s(ι(ζ∗)) of the fixed
point ι(ζ∗). Assume that Σ is commuting, so that
A ◦B = B ◦ A.
Set
Σn = (An, Bn) =
([
an
hn
]
,
[
bn
gn
])
:= Rn(Σ).
Let
ηn(x) := p1An(x) = an(x, 0) and ξn(x) := p1Bn(x) = bn(x, 0).
By theorem 2.15, we may express
An = ι(ηn) + En and Bn = ι(ξn) + Fn (29)
where the error terms En and Fn satisfy
‖En‖ < C2n−1 and ‖Fn‖ < C2n−1 . (30)
Hence, the sequence of pairs {Σn}∞n=0 converges to B2(Ω,Γ, 0, 0, 0) super-exponentially.
Let
Hn(x, y) :=
[
an(x, y)
y
]
and Vn(x, y) :=
[
x
ηn ◦ ξn ◦ (p2Bn)−1(y)
]
be the non-linear changes of coordinates given in (20), let
Tn(x, y) := (x+ dn, y),
be the translation map given in (23), and let
sn(x, y) := (λnx, λny) , |λn| < 1
be the scaling map so that if
φn := H
−1
n ◦ V −1n ◦ Tn ◦ sn, (31)
then by proposition 2.14, we have
An+1 = φ
−1
n ◦ A−1n ◦ Σα4n ◦ An ◦ φn
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and
Bn+1 = φ
−1
n ◦ A−1n ◦ Σα3n ◦ An ◦ φn.
Denote
Φkn := φn ◦ φn+1 ◦ . . . ◦ φk−1 ◦ φk , Ωkn := Φkn(Ω) and Γkn := Φkn(Γ).
Define
Ukn :=
⋃
ω≺αk−n
Σωn(Ω
k
n) and V
k
n :=
⋃
ω≺αk−n−1
Σωn(Γ
k
n).
It is not hard to see that {Ukn ∪ V kn }∞k=n form a nested sequence. Define the
renormalization arc of Σn as
γn :=
∞⋂
k=n
Ukn ∪ V kn . (32)
Proposition 3.1. The renormalization arc γn is invariant under the action of
Σn. Moreover, if
pkn :=
⋃
ω≺αk−n
Σωn(Φ
k
n(γk ∩ Ω)) and qkn :=
⋃
ω≺αk−n−1
Σωn(Φ
k
n(γk ∩ Γ)),
then
γn = p
k
n ∪ qkn.
Let θ∗ = (
√
5− 1)/2 be the golden mean rotation number, and let
IL := [−θ∗, 0] and IR := [0, 1].
Define L : IL → R and R : IR → R as
L(t) := t+ 1 and R(t) := t− θ∗.
The pair (R,L) represents rigid rotation of R/Z by angle θ∗.
The following is a classical result about the renormalization of 1D pairs.
Proposition 3.2. Suppose ‖Σ‖y = 0. Then for every n ≥ 0, there exists a quasi-
symmetric homeomorphism between IL ∪ IR and the renormalization arc γn that
conjugates the action of Σn = (An, Bn) and the action of (R,L). Moreover, the
renormalization arc γn contains the unique critical point cn = 0 of ηn.
The following is shown in [GaRYa].
Theorem 3.3. Let Σ = (A,B) be a commuting pair contained in the stable man-
ifold W s(ι(ζ∗)) of the 2D renormalization fixed point ι(ζ∗). Then for every n ≥ 0,
there exists a homeomorphism between IL∪IR and the renormalization arc γn that
conjugates the action of Σn = (An, Bn) and the action of (R,L). Moreover, this
conjugacy cannot be C1 smooth.
Theorem 1.2 follows from the above statement and the following:
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Theorem 3.4 ([GaRYa]). Suppose
Σ = ΣHµ∗,ν ,
where ΣHµ∗,ν is the renormalization of the He´non map given in theorem 2.16. Then
the linear rescaling of the renormalization arc s0(γ0) is contained in the boundary
of the Siegel disc ∆ of Hµ∗,ν. In fact, we have
∂∆ = s0(γ0) ∪Hµ∗,ν ◦ s0(γ0).
Henceforth, we consider the renormalization arc of Σn as a continuous curve
γn = γn(t) parameterized by IL ∪ IR. The components of γn are denoted
γn(t) =
[
γxn(t)
γyn(t)
]
.
Lastly, denote the renormalization arc of ι(ζ∗) by
γ∗(t) =
[
γx∗ (t)
γy∗ (t)
]
.
The following are consequences of Theorem 2.15.
Corollary 3.5. As n → ∞, we have the following convergences (each of which
occurs at a geometric rate):
(1) ηn → η∗,
(2) λn → λ∗ (hence sn → s∗),
(3) φn → ψ∗, where
ψ∗(x, y) =
[
η−1∗ (λ∗x)
η−1∗ (λ∗y)
]
, and
(4) γn → γ∗ (hence |γxn(0)| → 0).
3.2. Normality of the compositions of scope maps. Define
ψn(x, y) :=
[
η−1n (λnx)
η−1n (λny)
]
.
For n ≤ k, denote
Ψkn := ψn ◦ ψn+1 ◦ . . . ◦ ψk−1 ◦ ψk.
Let [
σkn 0
0 σkn
]
:= (D(0,0)Ψ
k
n)
−1.
Proposition 3.6. The family {σknΨkn}∞k=n is normal.
Proof. By corollary 3.5, there exists a domain U ⊂ C2 and a uniform constant
c < 1 such that for all k sufficiently large, the map ψk is well defined on U , and
Ω ∪ Ak+1(Ω) ∪ Γ ∪Bk+1(Γ) b cU.
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Thus, by choosing a smaller domain U if necessary, we can assume that ψk and
hence, Ψkn extends to a strictly larger domain V c U . It follows from applying
Koe´be distortion theorem to the first and second coordinate that {σknΨkn}∞k=n is a
normal family. 
Proposition 3.7. There exists a uniform constant M > 0 such that
||φn − ψn|| < M2n−1 .
Proof. The result follows readily from (29) and (30). 
Proposition 3.8. There exists a uniform constant K > 0 such that
σkn||Φkn −Ψkn|| < K2
n−1
.
Proof. By proposition 3.7, we have
φk−1 = ψk−1 + E˜k−1 and φk = ψk + Ek,
where ||E˜k−1|| < M2k−2 and ||Ek|| < M2k−1 . Observe that
φk−1 ◦ φk = φk−1 ◦ (ψk + Ek)
= φk−1 ◦ ψk + E¯k
= (ψk−1 + E˜k−1) ◦ ψk + E¯k
= ψk−1 ◦ ψk + E˜k−1 ◦ ψk + E¯k,
where ||E¯k|| < L2k−1 for some uniform constant L > 0 by corollary 3.5. Let
Ek−1 := E˜k−1 + E¯k ◦ ψ−1k .
By corollary 3.5, ψ−1k is uniformly bounded, and hence, we have
||Ek−1|| < M2k−2 + 2L2k−1 < 2M2k−2 .
Thus, we have
φk−1 ◦ φk = ψk−1 ◦ ψk + Ek−1 ◦ ψk.
Proceeding by induction, we obtain
Φkn = Ψ
k
n + En ◦ ψn+1 ◦ . . . ◦ ψk,
where
||En|| < 2M2n−1 .
By definition, we have
σkn(ψn ◦ ψn+1 ◦ . . . ◦ ψk)′(0) = 1.
Factor the scaling constant as
σkn := σ˙
k
nσ
k
n+1,
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so that
|σ˙knψ′n(ψn+1 ◦ . . . ◦ ψk(0))| = 1,
and
|σkn+1(ψn+1 ◦ . . . ◦ ψk)′(0)| = 1.
Let
M := sup
x∈Z
η′n(x).
Observe that σ˙kn is uniformly bounded by λ
−1
n M . Moreover, by proposition 3.6,
we have that σkn+1(ψn+1 ◦ . . . ◦ ψk)′ is also uniformly bounded. Therefore,
||σkn(En ◦ ψn+1 . . . ◦ ψn)′|| = ||σ˙knE ′n(ψn+1 . . . ◦ ψn)|| · ||σkn+1(ψn+1 . . . ◦ ψn)′||
= K||E ′n(ψn+1 . . . ◦ ψn)||
< K2
n−1
for some universal constant K > 0. 
By proposition 3.6 and 3.8, we have the following theorem.
Theorem 3.9. The family {σknΦkn}∞k=n is normal.
3.3. The boundary of the Siegel disk is not smooth.
3.4. The boundary of the Siegel disk is not smooth. Let [tl, tr] ⊂ R be a
closed interval, and let C : [tl, tr]→ C be a smooth curve. For any subset N ⊂ C
intersecting the curve C, we define the angular deviation of C on N as
∆arg(C,N) := sup
t,s∈C−1(N)
| arg(C ′(t))− arg(C ′(s))|, (33)
where the function arg: C→ R/Z is defined as
arg(re2piθi) := θ. (34)
Lemma 3.10. Let θ ∈ R/Z, and let Cθ : [0, 1] → C be a smooth curve such that
Cθ(0) = 0 and Cθ(1) = e
2piθi. Then for some t ∈ [0, 1], we have
arg(C ′θ(t)) = θ.
Lemma 3.11. Let
q2(x) := x
2 and ARr := {z ∈ C | r < |z| < R}. (35)
Suppose C : [tl, tr] → DR is a smooth curve such that |C(tl)| = |C(tr)| = R, and
|C(t0)| < r for some t0 ∈ [tl, tr]. Then for every δ > 0, there exists M > 0 such
that if mod(ARr ) > M , then either ∆arg(C,DR) or ∆arg(q2 ◦C,DR2) is greater than
1/6− δ.
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Proof. Without loss of generality, assume that R = 1, and C(tr) = 1. We prove
the case when r = 0, so that C(t0) = 0. The general case follows by continuity.
Suppose that ∆arg(C,DR) < 1/6. Then by lemma 3.10, we have
1/3 < arg(C(tl)) < 2/3.
This implies that
−1/3 < 2 arg(C(t1)) < 1/3.
Hence, by lemma 3.10, we have ∆arg(q2 ◦ C,DR2) > 1/6. 
Corollary 3.12. Let W ⊂ C be a simply connected neighbourhood of 0, let C :
[tl, tr] → W and E : [tl, tr] → C be smooth curves, and let f : W → C be a
holomorphic function with a unique simple critical point at c ∈ Dr for r < 1.
Consider the smooth curve
C˜ := f ◦ C + E.
Suppose C(tl), C(tr) ∈ ∂W , and |C(t0)| < r for some t0 ∈ [tl, tr]. Then for every
δ > 0, there exists  > 0 and M > 0 such that if ‖E‖ <  and mod(W \Dr) > M ,
then either ∆arg(C,W ) or ∆arg(C˜, f(W )) is greater than 1/6− δ.
Let U ⊂ Z ⊂ C be a simply-connected domain containing the origin. For
all k sufficiently large, the unique critical point ck of ηk is contained in U . Let
Vk := ηk(U). Then there exists conformal maps uk : (D, 0) → (U, ck) and vk :
(D, 0)→ (Vk, ηk(ck)) such that the following diagram commutes:
D uk−−−→ Uyq2 yηk
D vk−−−→ Vk
By corollary 3.5, we have the following result:
Proposition 3.13. The maps uk : (D, 0)→ (U, ck) and vk : (D, 0)→ (Vk, ηk(ck))
converge to conformal maps u∗ : (D, 0) → (U, 0) and v∗ : (D, 0) → (η∗(U), η∗(0)).
Moreover, the following diagram commutes:
D u∗−−−→ Uyq2 yη∗
D v∗−−−→ η∗(U)
Proof of Non-smoothness. By theorem 3.9, the sequence {σk0Φk0}∞k=0 has a con-
verging subsequence. By replacing the sequence by this subsequence if necessary,
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assume that {σk0Φk0}∞k=0 converges. Consider the following commutative diagrams:
D uk−−−→ Uyq2 yηk
D vk−−−→ Vk
and
Ω
Φk0−−−→ ΩyAk yA0
Ak(Ω)
Φk0−−−→ A0(Ω)
.
Let δ > 0. Since {σk0Φk0}∞k=0 converges, we can choose R > 0 sufficiently small
so that if
Xk := uk(DR) ⊂ Uk, and Yk := vk(DR2) ⊂ Vk,
then for any smooth curves C1 ⊂ Ω := U×U and C2 ⊂ Ak(Ω) intersecting Xk×Xk
and Yk × Yk respectively, we have
κ∆arg(C1, Xk ×Xk) < ∆arg(Φk0 ◦ C1,Φk0(Xk ×Xk))
and
κ∆arg(C2, Yk × Yk) < ∆arg(Φk0 ◦ C2,Φk0(Yk × Yk))
for some uniform constant κ > 0.
Consider the renormalization arc of Σn:
γn(t) =
[
γxn(t)
γyn(t)
]
.
Recall that we have
γxn, γ
y
n → γ∗ as n→∞,
where γ∗ is the renormalization arc of the 1D renormalization fixed point ζ∗. Now,
choose r > 0 is sufficiently small so that the annulus Xk\Dr satisfies the condition
of Corollary 3.12 for the given δ. Next, choose K sufficiently large so that for all
k > K, we have
|ck|, |γxk (0)| < r,
and
Ak =
[
ak
hk
]
= ι(ηk) + (ex, ey),
such that ‖E := (ex, ey)‖ < , where  is given in Corollary 3.12.
Now, suppose towards a contradiction that the renormalization arc γ0 of Σ0,
and hence the renormalization arc γk of Σk for all k ≥ 0, are smooth. By the
above estimates, we can conclude:
∆arg(γ0,Φ
k
0(Xk ×Xk)) = ∆arg(Φk0 ◦ γk,Φk0(Xk ×Xk))
> κ∆arg(γk, Xk ×Xk)
> κ∆arg(γ
x
k , Xk)
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and
∆arg(γ0,Φ
k
0(Yk × Yk)) = ∆arg(Φk0 ◦ γk,Φk0(Yk × Yk))
> κ∆arg(γk, Yk × Yk)
= κ∆arg(Ak ◦ γk, Yk × Yk)
> κ∆arg(ak ◦ γk, Yk)
= κ∆arg(ηk ◦ γxk + ex(γk), Yk).
By Lemma 3.12, either ∆arg(γ
x
k , Xk) or ∆arg(ak ◦ γk, Yk) is greater than 1/6− δ.
Hence,
max{∆arg(γ0,Φk0(Xk ×Xk)),∆arg(γ0,Φk0(Yk × Yk))} > l
for some uniform constant l > 0. Since Φk0(Xk ×Xk) and Φk0(Yk × Yk) both con-
verge to a point in γ0 as k →∞, this is a contradiction. 
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